Abstract. We show that for a class of operator algebras satisfying a natural condition the C * -envelope of the universal free product of operator algebras A i is given by the free product of the C *
for multivariable dynamics as universal free products of the semicrossed products of [18] . We then apply a result for C * -envelopes of free products in the context of certain semicrossed products.
In the first section we remind the reader of the universal objects we study and their universal properties. First are the universal free products which were constructed intrinsically in [7] . We then focus on the C * -envelope a now standard object in the non-selfadjoint operator algebra literature. We refer the reader to the books [17] and [6] for very readable accounts on both of these objects.
In the second section we prove some easy facts about the unique extension property for completely positive maps following [3] and [9] . We then prove in the third section Theorem 1 that allows us to relate the C * -envelope and universal free products. In the final two sections we bring these results together and apply them to certain semicrossed products for multivariable dynamics to calculate the C * -envelope of the semicrossed products.
Free products and C * -envelopes of operator algebras
We begin by reminding the reader of the universal properties for free products and C * -envelopes. We assume the following, {A i } is a collection of operator algebras, sharing a common C * -subalgebra which we will call D. We will denote by * D A i the universal operator algebra free product with amalgamation over D. In particular, we mean the universal operator algebra satisfying the following universal property.
Universal Property for * D A i : The algebra * D A i is the universal operator algebra such that:
(1) there exists completely isometric isomorphisms ι i : A i → * D A i (2) given π i : A i → S completely contractive homomorphisms into the operator algebra S, such that for all i and j we have π i (x) = π j (x) for all x ∈ D there is a unique completely contractive homomorphism * π i :
Given an operator algebra A there is a unique C * -algebra, denoted C * e (A) satisfying the following universal property.
Universal Property for C * e (A): The C * -algebra C * e (A) is the universal C * -algebra such that: (1) there is a completely isometric isomorphism ι A : A → C * e (A) (2) the set ι A (A) generates C * e (A) as a C * -algebra and (3) given a completely isometrically isomorphism π : A → C where C is a C * -algebra generated by π(A), there is a unique onto * -homomorphism
The unique extension property and the main theorem
We refer the reader to [3] for a discussion of boundary representations, Silov ideals, and the unique extension property of unital completely positive maps. Here we remind the reader of some definitions and then prove a simple proposition that is helpful in the context of universal free products.
If A is a unital operator algebra and C is a C * -algebra such that there is a completely isometric representation ι : A → C, with C * (ι(A)) = C we say that C is generated by A. In this case we will usually drop reference to the map ι and just denote the C * -algebra by C * (A). Given such a C * -algebra and using the universal property for C * e (A) there is a * -representation σ : C * (A) → C * e (A). The kernel of this representation is called the Silov ideal. Now we say a unital * -representation π :
It is shown in [3] that the Silov ideal will be contained in the kernel of any representation which is a unique extension. In the terminology of Arveson we are defining π to be a unique extension if the map π| A has the unique extension property.
We will need a result relating the C * -envelope, and the unique extension property for unital completely positive maps.
Proposition 1. If A is a unital operator algebra and π
Since π is a unique extension we know [3, Proposition 2.2] that π is a maximal unital completely positive map. Hence, from the proof of [3, Corollary 3.3] we see that the Silov ideal for A is contained in ker π. But ker π is trivial since π is faithful and hence C * (A) ∼ = C * e (A).
The main theorem
In this section we present our main theorem relating the C * -envelope of a universal free product to the free product of the C * -envelopes. First let us say that A has the unique extension property if every faithful * -representation of C * e (A) is a unique extension. 
We wish to show that π is a unique extension. We then apply Proposition 1 to get the result.
To do this let τ :
is a faithful representation of C * e (A i ) and hence π i is a unique extension relative to A i . Next we see that τ | Ai = π i , and hence τ i := τ | C * e (Ai) = π i . Now τ is a unital completely positive map, hence when we apply Theorem 3.18 of [17] we see that τ is a * -representation on the C * -algebra generated by {C * e (A i )}. It follows that τ is a * -representation and hence τ = π.
Remark 1. If the operator algebras A i have contractive approximate identities, then we can as in [14] adjoin a unit to A i in a unique way such that A i imbeds completely isometrically into the unitization (A i )
+ . The free product * D A i will then be the subalgebra of * D + (A + i ) generated by the A i . In a similar manner we have that C * e ( * D (A i )) will be the C * -subalgebra of * D + C * e (A + ) generated by the A i . This C * -algebra, however is completely isometrically isomorphic to * D A i and hence the result still carries through for algebras with contractive approximate identities.
This theorem can be seen as an analogue of a similar result for the maximal C * -dilation of the free products, see [4] . The proof is more complicated however, since the C * -envelope has the opposite universal property that one would want. Of course to apply this theorem we need to know when an operator algebra has the unique extension property. In the paper [5] 
These classes include: certain nest algebras [19] and the finite maximal subdiagonal algebras of a von Neumann algebra [11] .
We now show that the unique extension property for an operator algebra is in fact not weaker than the property used in [5] . Another class of algebras with the unique extension property are the Dirichlet algebras. Recall that a Dirichlet algebra is an operator algebra A such that A + A * is dense in C * e (A), see [5] . In this case the unique extension property is obvious since for any unital completely positive map: π : A → B(H) we have that π| A uniquely defines π| A * and hence it uniquely defines the extensionπ : C * e (A) → B(H).
Semicrossed products for multivariable dynamics
The semicrossed product algebras for multivariable dynamics were defined in [8] as a generalization of the semicrossed products of [18] . Given a locally compact Hausdorff space X and τ i a collection of continuous maps from X to X there is a universal nonselfadjoint operator algebra generated by C 0 (X) and contractions S i such that f (x)S i = S i f (τ i (x)) for all i. We denote this universal algebra by C 0 (X) × τ F + n , where F + n represents the free semigroup generated by n copies of Z + amalgamated over the identity.
In the case of a single continuous map this is the semicrossed product defined by Peters. We first show that these algebras can be written as universal free products.
Proof. This is an application of universal properties. Notice that the algebra C 0 (X) × τi Z + is generated by C 0 (X) and a contraction S i satisfying f (x)S i = S i f (τ i (x)) for each i. It follows that * C0(X) (C 0 (X) × τi Z + ) is generated by C 0 (X) and contractions S i satisfying the covariance conditions. By universality there exists
Similarly since C 0 (X) × τ F + n is generated by C 0 (X) and contractive operators S i satisfying the covariance conditions, there is for each i a completely contractive homomorphism π i :
Using the universal property of free products it follows that there is a completely contractive representation
. Which is onto a generating set for
It follows by keeping track of S i and C 0 (X) under the maps π and * π i that the two algebras are completely isometrically isomorphic.
Unfortunately it is not immediate that that given a semicrossed product C 0 (X)× α Z + the algebra has the unique extension property. We will show in the next section that this fact is indeed true.
We focus first on the simple case where α is surjective. It is well known under these circumstances C 0 (X) × α Z + can be imbedded completely isometrically isomorphically into a crossed product algebra C 0 (Y ) × α ′ Z. In particular the isometry S lifts to a unitary and hence every element in C * e (C 0 (X) × α Z + ) can be written as the norm limit of finite polynomials given by linear combinations of elements of the form U n f n,m (U m ) * where U is a unitary.
Proposition 3. If α is surjective then the operator algebra
The result now follows.
Semicrossed products with the unique extension property
For the case that X is metrizable but the α i are not necessarily onto we will need a result of [16] and a characterization of when this result applies to semicrossed products. To do this we remind the reader of the following definition.
Given Hilbert module K, M, and Q over an operator algebra A we say K is orthogonally injective if every contractive short exact sequence of the form 0 → K → M → Q → 0 has a contractive splitting. We say Q is orthogonally projective if any contractive short exact sequence as above, has a contractive splitting. Muhly and Solel showed in [16] that a representation π : A → B(H) has the unique extension property if and only if H is both orthogonally injective and orthogonally projective.
For the semicrossed products of [8] there is a relatively simple characterization of when a representation π : A → B(H) is orthogonally projective and orthogonally injective. Given a representation π : C 0 (X) × α Z + → B(H) there is an induced representation π on the algebra of Borel sets on X, denoted B(X). The image of χ α(X) is a spectral projection denoted E(α(X)). The representation is said to be full if π(S)π(S) * = E(α(X)). Now we find in Proposition 6.6 of [8] that if π : C 0 (X) × α F + n → B(H) is a completely contractive representation then H is orthogonally projective and orthogonally injective if and only if π is a full isometric representation. To apply Theorem 1 we will need to verify that a faithful representation of C *
Theorem 3. Let X be metrizable and let π : C * e (C 0 (X) × α Z + ) → B(H) be a faithful * -representation. Then π| C0(X)×αZ + is a full isometric representation and hence C 0 (X) × α Z + has the unique extension property.
Proof. That π is isometric is trivial. We now apply Theorem 6.5 of [8] to see that π| C0(X)×αZ + has a dilationπ : C 0 (X) × α Z+ → B(K) such thatπ is a full isometric representation. In particular if we denote byẼ(α(X)) the projection in B(K) corresponding to the Borel function χ α(X) ∈ B(X), then we know thatπ(S)π(S * ) =Ẽ(α(X)). Now sinceπ is isometric we know that there is a contractive * -representation θ : C * (π(C 0 (X) × α Z + )) → π(C * e (C 0 (X) × α Z + )). This representation will induce a * -representation θ ofπ(B(X)) onto π(B(X)). It will follow by uniqueness of spectral measures that θ(Ẽ(α(X))) = E(α(X)). Now θ(Ẽ(α(X))) = θ(π(S)π(S) * ) and hence E(α(X)) = π(S)π(S) * . It follows that π is a full isometric representation.
We now have the simple corollary that applies to all the semicrossed products for multivariable dynamics where X is metrizable. Corollary 1. Let X be a metrizable topological space and α i a collection of continuous self maps. Then C * e (C(X) × α F + n ) ∼ = * C(X) C * e (C(X) × αi Z + ).
